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1. Introduction
Let q be a power of a prime number and Fqn be the ﬁnite ﬁeld of order qn, n  1. Any mapping
from a ﬁnite ﬁeld into itself is given by a polynomial. A polynomial F (X) is called a permutation
polynomial of Fqn if it induces a permutation on Fqn . The explicit constructions of “nice”, for in-
stance sparse, permutation polynomials are of a special interest for various theoretical and practical
applications of ﬁnite ﬁelds. Most of the known explicit examples of permutation polynomials are
of the shape XrH(X (q−1)/d), d < q − 1, and are obtained by exploiting the multiplicative structure
of the ﬁnite ﬁelds, see [13] for further references. In recent papers [5,6,9,13] methods to construct
permutation polynomials are introduced, which use the additive structure of the ﬁnite ﬁelds. More
precisely, these papers study permutations L(x) + γ f (x), where γ ∈ Fqn , L : Fqn → Fqn is Fq-linear
and f : Fqn → Fq . The main idea of [5] is that the mappings f with linear translators yield such
permutations. Recall, that a non-zero element α ∈ Fqn is called an a-linear translator for the mapping
f : Fqn → Fq if f (x + uα) − f (x) = ua holds for any x ∈ Fqn , u ∈ Fq and a ﬁxed a ∈ Fq . In [9] permu-
tations of the shape L(x) + γ h(Tr(x)) are considered, where h : Fq → Fq and Tr is the trace mapping
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is a permutation on Fqn if and only if x+ ah(x) is a permutation on Fq with an appropriate a ∈ Fq . In
this paper we show that the results of [5,9] are of the same nature, in the sense that they are implied
by the following theorem:
Theorem 1. Let L : Fqn → Fqn be an Fq-linear permutation of Fqn . Let b ∈ Fq, h : Fq → Fq and γ ∈ Fqn be a
b-linear translator of f : Fqn → Fq. Then the mapping
G(x) = L(x) + L(γ )h( f (x))
permutes Fqn if and only if g(u) = u + bh(u) permutes Fq.
The above mentioned results of [5,9] follow from Theorem 1 by taking h to be the identity map-
ping of Fq or f to be the trace mapping from Fqn onto Fq .
Note that Theorem 1 has two aspects: Firstly, it allows to lift a single permutation of Fq to a variety
of permutations on an extension Fqn . Secondly, it gives a method to produce permutations from a
given linear permutation of Fqn by adding Fq-valued mappings to it. Regarding the second aspect,
it is natural to ask whether it is possible to obtain permutations starting with a non-bijective linear
mapping. It is easy to see that, if the addition of an Fq-valued mapping to an Fq-linear mapping L
yields a permutation on Fqn , then the kernel of L is at most one-dimensional. The next theorem
describes permutations obtained from Fq-linear mappings of Fqn with one-dimensional kernels.
Theorem 2. Let L : Fqn → Fqn be an Fq-linear mapping of Fqn with kernel αFq, α = 0. Suppose α is a b-linear
translator of f : Fqn → Fq and h : Fq → Fq is a permutation of Fq. Then the mapping
G(x) = L(x) + γ h( f (x))
permutes Fqn if and only if b = 0 and γ does not belong to the image set of L.
Theorems 1, 2 combined with Lemmas 1, 2 from Section 2 imply explicit constructions of per-
mutation polynomials as demonstrated in Corollaries 2–4. An important feature of the permutations
constructed by Theorems 1, 2 is that they exploit the additive structure of ﬁnite ﬁelds. This makes
it possible to design permutations which satisfy “additive” properties required in the applications
like Cryptology [4] or Finite Geometry [7,11]. Corollary 1 is such an application. It describes a large
family of complete mappings, which are the permutations F (x) with the property that F (x) + x is a
permutation as well.
Corollary 1. Let q be odd and γ ∈ Fqn be a b-linear translator of f : Fqn → Fq. Then F (x) = x + γ f (x) is a
complete mapping of Fqn if and only if b /∈ {−1,−2}.
The inverse of a permutation F considered in Corollary 1 can be simply expressed in terms of F
as follows:
Theorem 3. Let γ ∈ Fqn be a b-linear translator of f : Fqn → Fq and b = −1. Then the inverse mapping of the
permutation F (x) = x+ γ f (x) is F−1(x) = x− γb+1 f (x).
Given a mapping h : Fq → Fq , an interesting and, in general, a diﬃcult question is to characterize
the set
Mq(h) :=
{
c ∈ Fq
∣∣ h(x) + cx is a permutation of Fq}
or, at least, its cardinality mq(h) := |Mq(h)|. Theorem 1 yields a connection between the sets Mq(h)
and Mqn (H), where H : Fqn → Fqn with H(x) = h(Tr(x)).
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Mqn(H) =
{
γ ∈ F∗qn
∣∣∣ Tr(γ −1)= 0 or 1
Tr(γ −1)
∈ Mq(h)
}
.
In particular, it holds
mqn(H) =
{
qn−1mq(h) + qn−1 − 1 if 0 /∈ Mq(h),
qn−1mq(h) − 1 if 0 ∈ Mq(h).
In Section 5 we show that Theorem 4 induces a method for lifting of blocking sets of PG(2,q) to
those of PG(2,qn) and allows to gain information on the spectrum of the blocking sets of Rédei type
in PG(2,qn) from the one in PG(2,q).
This paper is organized as follows: Section 2 introduces the concept of a linear translator. The
proofs and applications of Theorems 1, 2 are given in Section 3. In Section 4 the permutations x +
γ f (x) of Fqn , where γ ∈ Fqn is a linear translator of f : Fqn → Fq , are studied. Based on Theorem 3,
permutations on Fqn of the shape x → x+γ g(x)+δt(x) are described in Theorem 10, where γ , δ ∈ Fqn
and g, t : Fqn → Fq . Section 5 describes a lifting of blocking sets of PG(2,q).
2. Auxiliary results on linear translators
Let f be a mapping from a ﬁnite ﬁeld Fqn into its subﬁeld Fq . Such a mapping can be represented
by Tr(G(x)) for some (not unique) mapping G : Fqn → Fqn , where Tr is the trace mapping from Fqn
onto Fq given by
Tr(y) = y + yq + yq2 + · · · + yqn−1 .
Indeed, we need just to choose the value of G(x) to satisfy Tr(G(x)) = f (x) for any x ∈ Fqn . A non-
zero element α ∈ Fqn is called an a-linear translator (or a-linear structure, cf. [5]) for the mapping
f : Fqn → Fq if
f (x+ uα) − f (x) = ua, (1)
for all x ∈ Fqn ,u ∈ Fq and some ﬁxed a ∈ Fq . Note that if (1) is satisﬁed then a = f (α) − f (0). The
next two results are proved in [8], see also [5].
Proposition 1. Let α,β ∈ F∗qn , α + β = 0 and a,b, c ∈ Fq, c = 0. If α is an a-linear translator and β is a
b-linear translator of a mapping f : Fqn → Fq, then α + β is an (a + b)-linear translator of f and c · α
is a (c · a)-linear translator of f . In particular, if Λ∗( f ) denotes the set of all linear translators of f , then
Λ( f ) = Λ∗( f ) ∪ {0} is an Fq-linear subspace of Fqn .
Proposition 1 shows that the restriction of the mapping f (x) − f (0) on the subspace Λ( f ) is
an Fq-linear mapping. So Λ( f ) = Fqn if and only if f (x) is an aﬃne mapping, or equivalently if
f (x) = Tr(βx) + b for some β ∈ Fqn and b ∈ Fq . More generally, the following theorem holds:
Theorem 5. A mapping f : Fqn → Fq has a linear translator if and only if there is a non-bijective Fq-linear
mapping L : Fqn → Fqn such that
f (x) = Tr(H ◦ L(x) + βx)
for some H : Fqn → Fqn and β ∈ Fqn . In this case, the kernel of L is contained in the subspace Λ( f ).
The next lemma is a direct consequence of Theorem 5. For a given non-zero element γ , it describes
mappings for which γ is a linear translator.
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translator of f (x) = Tr(H(xq − γ q−1x) + βx).
The mappings introduced in Lemma 2 are given by sparse polynomials, and hence they enable
constructions of sparse permutation polynomials via Theorems 1, 2, cf. [4].
Lemma 2. Let n = 4k, β ∈ Fqn and γ ∈ λ(q4k−1)/2(q2−1)F∗q2 , where λ is a primitive element of Fqn . Then γ is
a Tr(βγ )-linear structure of f (x) = Tr(xq+1 + βx).
Proof. Note that γ q
2−1 = −1 or equivalently γ q2 + γ = 0. Taking the latter identity to the power
qn−1, we obtain γ q + γ qn−1 = 0. Further, since (γ q+1)q−1 = −1, it holds (γ q+1)q + γ q+1 = 0, and
consequently Tr(γ q+1) = 0. Using these properties of γ , for any x ∈ Fqn and u ∈ Fq we obtain
f (x+ uγ ) = Tr((x+ uγ )q+1 + βx+ βγ u)
= Tr(xq+1 + γ qux+ γ uxq + γ q+1u2 + βx+ uβγ )
= f (x) + u Tr((γ q + γ qn−1)x)+ u2 Tr(γ q+1)+ u Tr(γ β)
= f (x) + u Tr(γ β). 
3. Constructing permutations via linear translators
In order to prove Theorem 1, we at ﬁrst prove its particular case, where L is the identity mapping.
Theorem 6. Let h : Fq → Fq be an arbitrary mapping and let γ ∈ Fqn be a b-linear translator of f : Fqn → Fq.
Then the mapping F (x) = x + γ h( f (x)) permutes Fqn if and only if the mapping g(u) = u + bh(u) per-
mutes Fq.
Proof. Let x, y ∈ Fqn satisfy F (x) = F (y). Then
F (x) = x+ γ h( f (x))= y + γ h( f (y))= F (y),
and hence
x = y + γ (h( f (y))− h( f (x)))= y + γ a,
where a = h( f (y)) − h( f (x)) ∈ Fq . Thus suppose F (y) = F (y + γ a) for some a ∈ Fq . Then
y + γ a + γ h( f (y) + ba)= y + γ h( f (y)), (2)
since
F (y + γ a) = y + γ a + γ h( f (y + γ a))= y + γ a + γ h( f (y) + ba).
Eq. (2) is equivalent to
a + h( f (y) + ba)= h( f (y)). (3)
Thus the mapping F is a permutation of Fqn if and only if the only a satisfying (3) is a = 0. If b = 0
then (3) forces a = 0 and hence the statement is true for that case. If b = 0, then (3) can be reduced
to
h
(
f (y) + ba)+ b−1( f (y) + ba)= h( f (y))+ b−1 f (y),
and hence g( f (y) + ba) = g( f (y)). The latter equation is satisﬁed only for a = 0 if and only if g is a
permutation of Fq . 
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given g(u), take b ∈ F∗q and set h(u) = b−1(g(u) − u). Further choose γ ,β ∈ Fqn such that Tr(βγ ) = b
and deﬁne f like in Lemmas 1, 2. By Theorem 6 the mapping x+γ h( f (x)) permutes Fqn . For example,
the next family of permutation polynomials is obtained by choosing g to be a power mapping and f
from Lemma 2.
Corollary 2. Let n = 4k, β ∈ Fqn and γ ∈ λ(q4k−1)/2(q2−1)F∗q2 with λ being a primitive element of Fqn . Further,
suppose t is a positive integer such that gcd(t,q − 1) = 1. Then the polynomial
F (X) = X + γ Tr(γ β)q−2((Tr(Xq+1 + βX))t − Tr(Xq+1 + βX))
is a permutation polynomial of Fqn .
Proof. We apply Theorem 6 with h(u) = Tr(γ β)q−2(ut −u) and f (x) = Tr(xq+1 +βx). Lemma 2 shows
that γ is a Tr(γ β)-linear translator of f . To complete the proof it remains to note that the mapping
g(u) = Tr(γ β)h(u) + u =
{
u if Tr(γ β) = 0,
ut otherwise,
and thus g is a permutation of Fq . 
Proof of Theorem 1. Note that G is a composition of L and F (x) = x + γ h( f (x)). Indeed, L(x +
γ h( f (x))) = L(x) + h( f (x))L(γ ). The rest of the proof follows from Theorem 6. 
Recall that Fq-linear mappings of Fqn are described by the polynomials
∑n−1
i=0 αi Xq
i ∈ Fqn [X],
which are called q-polynomials. Hence given a permutation q-polynomial, Theorem 1 combined with
Lemmas 1, 2 yields various families of permutation polynomials. As an example we consider L(X) =
Xq + X , which is a permutation polynomial of Fqn when q and n are odd. The inverse mapping of L
is given by
L−1(X) = 2−1(Xqn−1 − Xqn−2 + · · · + Xq2 − Xq + X).
Using these polynomials, Theorem 1 and Lemma 1 we obtain:
Corollary 3. Let H(X) ∈ Fqn [X], γ ,β ∈ Fqn and q,n be odd.
(a) Then
Xq + X + (γ q + γ )Tr(H(Xq − γ q−1X)+ βX)
is a permutation polynomial of Fqn if and only if Tr(γ β) = −1.
(b) Then
n∑
i=1
(−1)i+1Xqn−i +
(
n∑
i=1
(−1)i+1γ qn−i
)
Tr
(
H
(
Xq − γ q−1X)+ βX)
is a permutation polynomial of Fqn if and only if Tr(γ β) = −1.
Next we show that the following result from [9] is a particular case of Theorem 1.
Theorem 7. (See [9].) Let L(X) ∈ Fq[X] be a permutation q-polynomial of Fqn , h(X) ∈ Fq[X] and γ ∈ Fqn
with Tr(γ ) = b. Then the polynomial L(X) + γ h(Tr(X)) is a permutation polynomial of Fqn if and only if the
polynomial L(1)X + bh(X) is a permutation polynomial of Fq.
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Tr(δ)-linear translator of the mapping Tr(x). Moreover, if L(X) =∑n−1i=0 ai Xqi , then
Tr(γ ) = Tr(L(δ))= Tr
(
n−1∑
i=0
aiδ
qi
)
=
n−1∑
i=0
ai Tr(δ) = L(1)Tr(δ),
and hence Tr(δ) = (L(1))−1b. The rest follows from Theorem 1. 
Proof of Theorem 2. If γ belongs to the image set of L, then the image set of G is contained in that
of L. Hence if G is a permutation, then necessarily γ is not in the image of L. Suppose, that γ does
not belong to the image set of L. Let x, y ∈ Fqn be such that G(x) = G(y). Then L(x) + γ h( f (x)) =
L(y) + γ h( f (y)), and consequently
γ
(
h
(
f (x)
)− h( f (y)))= L(y − x). (4)
Since γ does not belong to the image set of L, Eq. (4) is possible if and only if h( f (x)) = h( f (y)) and
y − x is in the kernel of L. So, let y = x+ aα with a ∈ Fq . Then (4) is reduced to
h
(
f (x)
)− h( f (x+ aα))= h( f (x))− h( f (x) + ab)= 0, (5)
since α is a b-linear translator of f . It remains to note that the only solution of (5) is a = 0 if and
only if b = 0 and h permutes Fq . 
A particular case of Theorem 2, where the mapping h is the identity mapping, is proved in [5]. As
an application of Theorem 2 we describe a family of permutation polynomials.
Corollary 4. Let t be a positive integer with gcd(t,q − 1) = 1, H(X) ∈ Fqn [X] and γ ,β ∈ Fqn . Then
G(X) = Xq − X + γ (Tr(H(Xq − X)+ βX))t ∈ Fqn [X]
is a permutation polynomial of Fqn if and only if Tr(γ ) = 0 and Tr(β) = 0.
Proof. We apply Theorem 2 with L(x) = xq − x, f (x) = Tr(H(xq − x)+βx) and h(u) = ut . The mapping
L(x) = xq − x is Fq-linear with kernel Fq and so α may be chosen to be 1. The image set of L consists
of all elements y from Fqn with Tr(y) = 0 by Hilbert’s Theorem 90. Further α = 1 is a Tr(β)-linear
translator of the mapping f (x) by Lemma 5. It remains to note that h(u) = ut is a permutation of Fq
by the choice of t . 
4. Remarks on permutations x+ γ f (x)
In this section we study mappings F (x) = x+γ f (x), where γ is a linear translator of f : Fqn → Fq .
Statement (a) of the next result follows from Theorem 6. We present here a direct proof of it, which
covers statement (b) as well.
Theorem 8. Let γ ∈ Fqn be a b-linear translator of f : Fqn → Fq.
(a) Then F (x) = x+ γ f (x) is a permutation of Fqn if b = −1.
(b) Then F (x) = x+ γ f (x) is a q-to-1 mapping of Fqn if b = −1.
Proof. Let x, y ∈ Fqn satisfy F (x) = F (y). Then
F (x) = x+ γ f (x) = y + γ f (y) = F (y), (6)
and hence
x = y + γ ( f (y) − f (x))= y + γ a,
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a = f (y) − f (x) = −( f (y + γ a) − f (y))= −ab.
If b = −1, then the last equality implies a = 0 and hence f (y) = f (x). Finally, (6) forces x = y, which
proves (a). Suppose b = −1. Then the above arguments show that F (x) = F (y) only if x = y + γ a for
some a ∈ Fq . To complete the proof of (b) it remains to see that
F (y + γ a) = y + γ a + γ f (y + γ a) = y + γ a + γ f (y) − γ a = F (y)
for any a ∈ Fq . 
Next we observe that the iterates of a permutation F described in Theorem 8 are of the same
form. Moreover, they can be simply expressed in terms of F , which makes possible it to determine
the cycle structure and the inverse of such a permutation explicitly. For an integer k 1, deﬁne
Fk(x) = F ◦ F ◦ · · · ◦ F︸ ︷︷ ︸
k times
(x)
to be the k-fold composition of the mapping F with itself.
Lemma 3. Let γ ∈ Fqn be a b-linear translator of f : Fqn → Fq and F (x) = x + γ f (x). Then Fk(x) = x +
Bkγ f (x) for any k 1, where
Bk = 1+ (b + 1) + · · · + (b + 1)k−1 =
{
k if b = 0,
(b+1)k−1
b if b = 0.
(7)
Proof. Our proof is by induction on k. Clearly the statement is true for k = 1. For k 2 we have
Fk(x) = F ◦ Fk−1(x) =
(
x+ γ f (x)) ◦ (x+ Bk−1γ f (x))
= x+ Bk−1γ f (x) + γ f
(
x+ Bk−1γ f (x)
)
.
Since γ is a b-linear translator for f and Bk−1 f (x) ∈ Fq , it holds
f
(
x+ Bk−1γ f (x)
)= f (x) + Bk−1 f (x)b.
Then we get
Fk(x) = x+ (Bk−1 + 1+ Bk−1b)γ f (x) = x+
(
1+ (b + 1)Bk−1
)
γ f (x).
It remains to note that 1+ (b + 1)Bk−1 = Bk . 
Proof of Theorem 3. Let b = 0. Then Lemma 3 shows that F p(x) = x where p is the characteristic
of Fqn . Hence the inverse mapping of F is F p−1(x) = x− γ f (x). Let b = 0. Then again using Lemma 3
the inverse mapping of F is Fl−1, where l is the order of b + 1 in F∗q . It remains to note that
Fl−1(x) = x+ (b + 1)
l−1 − 1
b
γ f (x)
= x+
(
1
b + 1 − 1
)
1
b
γ f (x)
= x− γ
b + 1 f (x),
since (b + 1)l−1 = (b + 1)−1. 
A particular case of Theorem 3 and Corollary 1 for b = 0 are proved in [9] for permutations x +
h(Tr(x)), where h : Fq → Fq and q is a prime number.
Obviously, an element u ∈ Fqn is a ﬁxed point for F (x) = x+ γ f (x), γ = 0, if and only if f (u) = 0.
The next theorem describes the cycle decomposition of the permutations given in Theorem 8.
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deﬁned by F (x) = x+ γ f (x). Set
N = qn − ∣∣{x ∈ Fqn ∣∣ f (x) = 0}∣∣.
(a) If b = 0, then the permutation F is a composition of N/p disjoint cycles of length p (in the symmetric
group SFqn ), where p is the characteristic of Fqn . Moreover, an element u ∈ Fqn with f (u) = 0 is contained
in the cycle (u0,u1, . . . ,up−1), where uk = u + kγ f (u).
(b) If b = 0, then the permutation F is a composition of N/l disjoint cycles of length l, where l is the order of
(b + 1) in F∗q . Moreover, an element u ∈ Fqn with f (u) = 0 is contained in the cycle (u0,u1, . . . ,ul−1),
where uk = u + Bkγ f (u) and Bk is deﬁned by (7).
Proof. The proof follows from Lemma 3. 
Theorem 10 describes permutations of the shape x + γ f (x) + δg(x). Note that if γ and δ are
linearly dependent over Fq , then Theorem 10 reduces to Theorem 8(a).
Theorem 10. Let γ , δ ∈ Fqn . Suppose γ is a b1-linear translator of f : Fqn → Fq and a b2-linear translator of
g : Fqn → Fq, and moreover δ is a d1-linear translator of f and a d2-linear translator of g. Then
F (x) = x+ γ f (x) + δg(x)
is a permutation of Fqn , if b1 = −1 and d2 − d1b2b1+1 = −1, or by symmetry, if b2 = −1 and d1 −
d2b1
b2+1 = −1.
Proof. Since b1 = −1, the mapping G(x) = x + γ f (x) is a permutation by Theorem 8. Then using
Theorem 3, the inverse mapping of G is
G−1(x) = x− γ
b1 + 1 f (x).
Consider
F ◦ G−1(x) = G ◦ G−1(x) + δg
(
x− γ
b1 + 1 f (x)
)
= x+ δ
(
g(x) − b2
b1 + 1 f (x)
)
= x+ δh(x).
Note that δ is a (d2 − d1b2b1+1 )-linear translator of h : Fqn → Fq . Indeed, for any u ∈ Fq it holds
h(x+ δu) = g(x+ δu) − b2
b1 + 1 f (x+ δu)
= g(x) + d2u − b2
b1 + 1
(
f (x) + d1u
)
= h(x) +
(
d2 − d1b2
b1 + 1
)
u.
Theorem 8 completes the proof. 
As an application of Theorem 10 we obtain:
Corollary 5. Let α ∈ Fqn \ Fq and
M(X) = Xq2 − (1+ (αq − α)q−1)Xq + (αq − α)q−1X .
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F (X) = X + Tr(H1(M(X))+ β1X)+ α Tr(H2(M(X))+ β2X)
is a permutation polynomial of Fqn if
• Tr(β1) = −1 and Tr(αβ2) − Tr(αβ1)Tr(β2)Tr(β1)+1 = −1; or
• Tr(αβ2) = −1 and Tr(β1) − Tr(β2)Tr(αβ1)Tr(αβ2)+1 = −1.
Proof. We are in the setting of Theorem 10 with γ = 1, δ = α and f (x) = Tr(H1(M(x))+β1x), g(x) =
Tr(H2(M(x)) + β2x). 
5. A lifting of blocking sets
Given a mapping h : Fq → Fq , an interesting and, in general, a diﬃcult question is to characterize
the set
Mq(h) :=
{
c ∈ Fq
∣∣ h(x) + cx is a permutation of Fq}.
Closely related to Mq(h) is the set Dq(h) of directions determined by h, which is deﬁned as follows
Dq(h) :=
{
h(x) − h(y)
x− y
∣∣∣ x, y ∈ Fq, x = y}⊆ Fq.
Denote mq(h) := |Mq(h)| and dq(h) := |Dq(h)|. Then mq(h) = q − dq(h), since c ∈ Mq(h) if and only
if −c /∈ Dq(h). In particular, a mapping h with large Mq(h) determines few directions.
A blocking set of PG(2,q) is a set of its points which intersects every line. A blocking set is called
minimal if no proper subset of it is a blocking set. Given a mapping h : Fq → Fq , the set{(
x,h(x)
) ∣∣ x ∈ Fq}∪ {(u) ∣∣ u ∈ Dq(h)}
is a minimal blocking set of size q + dq(h) in PG(q,2), where (u) is the point at inﬁnity incident
with the lines of direction u. Such a blocking set is called of Rédei type. The spectrum problem for
the blocking sets of Rédei type asks to determine the possible cardinalities of such blocking sets, i.e.
the possible values for dq(h). In [1,2,7,11] the possible values dq(h) (q − 1)/2 are determined. Less
is known about the possible sizes of the blocking sets of Rédei type with dq(h) > (q − 1)/2. Further
information and references on this topic may be found in survey article [12].
Observe that Theorem 4 shows that a mapping h : Fq → Fq with dq(h) directions in Fq can be
lifted to a mapping H : Fqn → Fqn determining (dq(h) − 1)qn−1 + 1 or dq(h)qn−1 + 1 directions in Fqn .
This allows, in particular, to gain information on the spectrum of the blocking sets of Rédei type in
PG(2,qn) from the one in PG(2,q).
Proof of Theorem4. The assumption n > 1 guarantees that 0 /∈ Mqn (H). Thus γ ∈ Mqn (H) if and only
if x+γ −1h(Tr(x)) is a permutation of Fqn . Note that γ −1 is a Tr(γ −1)-linear translator of the mapping
x → Tr(x). By Theorem 1 the mapping x + γ −1h(Tr(x)) permutes Fqn if and only if u + Tr(γ −1)h(u)
permutes Fq . The latter is the case when Tr(γ −1) = 0 or (Tr(γ −1))−1 ∈ Mq(h). 
The next result is obtained from Theorem 4 for some explicit choices of the mapping h. The
case (a) corresponds to the choice h to be the identity mapping on Fq , this is the well-known example
of Megyesi [11, Beispiel 4, p. 239], [3].
Corollary 6. Let n > 1.
(a) Mqn (Tr(x)) = {γ ∈ F∗qn | Tr(γ −1) = −1} and mqn (Tr(x)) = qn − qn−1 − 1.
(b) Let q be odd. Then Mqn ((Tr(x))2) = {γ ∈ F∗qn | Tr(γ −1) = 0} and mqn ((Tr(x))2) = qn−1 − 1.
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Mqn
(
H(x)
)= {γ ∈ F∗qn ∣∣∣ Tr(γ −1)= 0 or 1Tr2(γ −1) − 1 is a square in Fq
}
and
mqn
(
H(x)
)=
{
q−1
2 q
n−1 − 1 if q ≡ 3 (mod 4),
q−3
2 q
n−1 − 1 if q ≡ 1 (mod 4).
Proof. We are in the setting of Theorem 4 with the following choices of h:
(a) Let h : Fq → Fq be the identity mapping h(u) = u. Then Mq(h) = Fq \ {−1}.
(b) Let h : Fq → Fq with h(u) = u2. Then it is easy to see that Mq(h) = ∅.
(c) Let h : Fq → Fq with h(u) = u(q+1)/2. In [10] it is shown that
Mq(h) =
{
a ∈ Fq
∣∣ a2 − 1 is a square in Fq}
= {a ∈ Fq ∣∣ a = (c2 + 1)/(c2 − 1) for some c ∈ Fq, c = 0,±1}.
In particular, mq(h) = (q − 3)/2, and 0 ∈ Mq(h) if and only if q ≡ 1 (mod 4). 
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